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Abstract 

Let G be a finite group and {K, O, k) be a p-modular system. Let R 
be O or k. Tliere is a bijection between the blocks of a group algebra 
RG and the central primitive idempotents of the p-local Mackey algebra 
(resp. cohomological Mackey algebra). These idempotents are called blocks. 
We look at equivalences between these blocks. In the first part, we look 
at the cohomological case and prove that a splendid derived equivalence 
between blocks of group algebras can be lifted to an equivalence between 
the corresponding cohomological blocks. We apply this to nilpotent blocks. 
In the last part we look at the p-local case. For a block b of kG with 
cyclic defect group P of order p, we see that the p-local Mackey algebra of 
this block is derived equivalent to the p-local Mackey algebra of the Brauer 
correspondent of b in Ng{P)- Finally we prove that the principal block of 
the p-local Mackey algebra of a p-nilpotent group is Morita equivalent to 
the Mackey algebra of its Sylow p-subgroup. 
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1 Introduction and preliminaries 
1.1 Introduction 

The notion of Mackey functor, introduced by Green in [9], is a generalization of 
linear representations of a finite group G. A Mackey functor, for Green, is the data 
of a representation of Ng{H) for every subgroup H of G, together with relations 
between these representations. A couple of years later. Dress gave a completely 
different, but equivalent, definition using the formalism of categories. Twenty 
years later Thevenaz and Webb introduced the Mackey algebra and proved that a 
Mackey functor is nothing but a module over this algebra. Let i? be a commutative 
ring. The Mackey algebras ^r{G) share a lot of properties of group algebras, for 
example Hr{G) is i?-free of finite rank and this rank is independent of the ring 
R. Moreover if i? is a field of characteristic which do not divide the order of G, 
then iir{G) is semi-simple. When {K, O, k) is a p-modular system, it is possible 
to define a decomposition theory for fio{G), in particular the Cartan matrix of 
the Mackey algebra is symmetric. However there are some differences with group 
algebras: in particular, most of the time the determinant of the Cartan Matrix of 
fik{G) is not a power of p, and the Mackey algebra over a field of characteristic p 
is almost never (as soon as |G|) a symmetric algebra. 
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Let R = O OT k. In their paper, Thevenaz and Webb proved that there is a 
bijection h \^ between the blocks of RG and the primitive central idempotents 
of /i)j.(G'), called the blocks of /i)j(G'), where /i)j(G) is the so called p-local Mackey 
algebra. 

The blocks of RG are in bijection with the blocks of ^\{G), and this bijection 
preserves the defect groups. So using the Brauer correspondence, we have the 
following diagram: Let h a block of RG with defect group D and h' the Brauer 
correspondent of h in RNg{D). 

h e Z{RG) -6^ G Z{^i\{G)) 

y G Z{RNg{D)) -6'^ G Z{^i\,{Ng{D))). 

If D is abelian, it is conjectured by Broue that the block algebras RGh and 
RNG{D)b' are deeply connected. It is a very natural question to ask if the same 
can happen for the corresponding Mackey algebras. However, we should notice 
that, since the Mackey algebra is (most of the time) not symmetric it is not pos- 
sible to look at stable equivalences between Mackey algebras. 
In this paper we will look at the following situation. Let G and H be two finite 
groups, let b and c be two block idempotents such that RGb and RHc are Morita 
or derived equivalent. 

Question 1.1. Let G be a finite group and b be a block of OG with abelian defect 
group D. Let b' be the Brauer correspondant of b in ONg{D). Is there a derived 
equivalence D\ij,lj{G)b'') = D\i2lj{NGiD))b''') ? 

We will not answer this question in general, but we consider it in the following 
two cases: first for the cohomological Mackey algebra, which is a quotient fi]^{G). 
Then we will look at this question for the Mackey algebra of the principal blocks 
of p-nilpotent groups, and for groups with Sylow p-subgroup of order p. 
The main result of this paper is the following theorem which settles the question 
for the cohomological Mackey algebra in the case of a splendid equivalence (see 

my- 

Theorem 1.2. Let G and H be two finite groups, let b be a block of RG and 
a be a block of RH . If RGb and RHc are splendidly derived equivalent, then 
D\cofXniG)b^)) = D'>icofXRiH)c^). 

where we abuse notation and denote also by 6^ the image of the block idem- 
potent 6" in the center of the cohomological Mackey algebra. 
The first part of this paper is devoted to the definitions and basic results on Mackey 
functors, and blocks of the Mackey algebra. We will see how the decomposition 
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matrix of the Mackey algebra can be computed from the knowledge of some infor- 
mation on the p-blocks of the group algebras of some p-local subgroup of G. 

In the second section we will look at the cohomological case, using the Yoshida 
equivalence for cohomological Mackey functors, we will see that a derived equiv- 
alence between blocks of group algebras can be lifted to a derived equivalence 
between the blocks of the corresponding cohomological Mackey algebras as soon 
as this equivalence sends p-permutation modules to p-permutation modules. For 
example splendid Morita equivalences, and splendid derived equivalences can be 
lifted. 

The last section of this paper deals about the non cohomological case. The 
first example will be about principal blocks of p-nilpotent groups. Then we will 
see that in the case of groups with cyclic Sylow p-subgroup of order p it is possible 
to answer the question, using the fact the the Mackey algebras are Brauer tree 
algebras in this situation. 

N.B. We will denote by the same letter the block idempotents for the ring O and 
the field k. 

Notation: Let i? be a ring. We denote by i?-Mod the category of (all) i?-modules 
and by i?-mod the category consisting of the finitely generated i?-modules. Let 
G be a finite group and p a prime number. We denote by {K, O, k) a p-modular 
system, i-e O is a complete discrete valuation ring with maximal ideal p, such that 
O/p = k is a. field of characteristic p and Frac((9) = K a field characteristic zero. 
We denote by G-set the category of finite G-sets. 

1.2 Basic results on Mackey functors. 

Let G be a finite group, and -R be a commutative ring. There are several definitions 
of Mackey functors for G over a ring R, the first one was introduced by Green in 

Definition 1.3. A Mackey functor for G over R consists of the following data: 

• For every subgroup H of G, an i?-module M{H). 

• For subgroups H (1 K of G, a. morphism of i?-modules 

: M{H) — )■ M{K) called transfert, or induction, and a morphism of 
i?-modules r§ : M{K) M{H) called restriction. 

• For every subgroup H of G, and each element x of G, a morphism of R- 
modules Cx,h '■ M{H) — i- M{^H) called conjugacy map. 

such that: 



4 



1. Triviality axiom: For each subgroup H of G, and each element h G H, the 
morphisms r|f, et Ch,H are the identity morphism of M{H). 

2. Transitivity axiom: If H C K C L are subgroups of G, then t'^ot^ = t^ and 
r§orj^ = r^. Moreover if x and y are elements of G, then Cyx^oCx^H = Cyx,H- 

3. Compatibility axioms: If H <Z K are subgroups of G, and if x is an element 
of G, then Cx,k = tl§Cx,H et Cx,h ° = rl^ ° c^si^- 

4. Mackey axiom If H (1 K ^ L are subgroups of G, then 

xe[H\_ft:/L] 

where [ify/C/L] is a set of representative of the double cosets H\K/L. 

In particular, for each subgroup H of G, the i?-module M{H) is an Nq{H) / H- 
module. 

A morphism / between two Mackey functors M and is the data of a i?-linear 
morphism f{H) : M{H) — )■ N{H) for every subgroup of G. These morphisms 
are compatible with transfer, restriction and conjugacy maps (see [9]). We denote 
by Mackji{G) the category of Mackey functors for G over R. The following example 
is fundamental for the second section of this paper. 

Example 1. Let V be an i?G- module, the fixed point functor FPy is the Mackey 
functor for G over R defined as follows: 

For H ^G, then FPv{H) = V" := {v eV ; hv = v ^ h e H }. If H ^ K ^ G, 
we have C , so the restriction map r§ is the inclusion map. The transfert 
map t^ : — )■ is defined by = Ylik&[K/H] ^■'^ where [K/H] is a set of 

representative of K/ H . The conjugacy maps are induced by the action of G on V . 

It is not hard to see that the construction V i— )■ FPy is a functor from RG-Vfod 
to MackniG). 

Conversely we have an obvious functor evi : MackniG) RG-Mod given by the 
evaluation at the subgroup {!}. 

Proposition 1.4. fT8^ The functors {evi^FPJ) are adjoint i-e: 

HomMackn{G){M,FPv) = HomRciM (1) ,V) 
for a Mackey functor M and an RG-module V. 

An other definition of Mackey functors was given by Dress in [S| : 



5 



Definition 1.5. A bivariant functor M = (M*,M^,) from G-set to i?-Mod is a 
pair of functors from G-set — )■ i?-Mod sucli that M* is a contravariant functor, and 
is a covariant functor. If X is a G-set, then the image by the covariant and 
by the contravariant part coincide. We denote by M{X) this image. A Mackey 
functor for G over i? is a bivariant functor from G-set to R-Mod such that: 

• Let X and Y two finite G-sets, ix et iy the canonical injection of X (resp. 
Y) in XUF, then {M*{ix), M*{iY)) et (M^(ix), M*(^y)) are inverse isomor- 
phisms. 

M{X) © M{Y) = M{X U Y). 

• If 




is a pull back diagram of G-sets, then the diagram 

M{X)^M{Y) 



M-4b) 



M.(c) 



M(Z)^M(T) 



is commutative. 



A morphism between to Mackey functors is a natural transformation of bivariant 
functors. 

Example 2. [T] If X is a finite G-set, the category of G-sets over X is the category 
with objects {Y, 0) where F is a finite G-set and is a morphism from Y to X. 
A morphism / from {Y, 0) to {Z, ip) is a morphism of G-sets / : F — > Z such that 

V' ° / = 0- 

The Burnside functor at X is the Grothendieck group of the category of G-sets 
over X, for relations given by disjoint union. This is a Mackey functor for G over 
R by extending the scalars from Z to R. If no confusion is possible, we still denote 
by B the functor after scalar extension. 

If X is a G-set, the Burnside group i?(X^) has a ring structure. The product of 
(X A F -^^ X) and (X -f^ Z A X) is given by pullback along (3 and 7. 

P 



Y 







X 



X 



X 
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The identity of this ring is 



X X 

We need a last definition of Mackey functors which was given by Thevenaz and 
Webb in [18], and uses the Mackey algebra. 

Definition 1.6. The Mackey algebra ^r{G) for G over R is the unital associative 
algebra with generators t^, and Cg^u foiH^K^G and g E G, with the 
following relations: 

• = r|f = Ch,H for H ^G and he H. 

• tj^t§ = t^, r^r^ = r^ioi H (ZK (ZL. 

• CgianCg^H = Cg'g,H, foT H ^ G and g,g' E G. 

• tlHCg,H = Cg^xtu and rl^Cg^x = Cg,Hr§, H ^ K, g e G. 

• f^itR = Y.he[L\H/K] ^Lni^K'^h,LhnHrLhnH ioT L H ^ K. 

• All the other products of generators are zero. 

Definition 1.7. A Mackey functor for G over i? is a left /ii?(G)-module. 

Proposition 1.8. fJ]/ The Mackey algebra ^r{G) is isomorphic to B{Qq), where 
fie = Ul^gG/L. 

We will make an intensive use of the connection between the different categories 
of Mackey functors, so let us recall the following well known result: 

Proposition 1.9. flB^ The different definitions of Mackey functors for G over R 
are equivalent. 

Sketch of proof . • If M is a Mackey functor for G in the sense of Green. The 
corresponding yUij(G') -module is M := ^^^q M{H), the action of the gen- 
erators is given by applying the corresponding map. 

• Conversely if is a /i/j(G')-module, then one can define a Mackey functor 
A^ for G for the Green definition by: N{H) = t^N for all subgroups H ^ G. 
U H ^ K are subgroups of G and x e G, n e N{H) we define the transfert 
(resp. restriction, resp. conjugacy) by multiplying n by (resp. r^, resp. 

Cx,h)- 
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• If M is a Mackey functor for G for the Dress definition, one can define a 
Mackey functor Mi for G for the Green definition by: Mi{H) = M{G/H) for 
all if ^ G. Let H ^ K subgroups of G, let tt^ : G/H G/K the canonical 
map, let x E G, '-)x,h '■ G/^H — )■ G/H defined by ■y^ nig^H) = gxH. 

:= M*(7rf ), ':= M,(7rf ) and c,,h := M*(7,,^,'). 

• Conversely if M is a Mackey functor for the Green definition one can define 
a Mackey functor M2 for the Dress definition as follows: let X be a finite 
G-set, then M2(X) := ( (Bxgx M{Gx))^ , where Gx is the stabilizer in G of 
the element x. Let / : X — )■ F be a morphism of G-sets. 

-Letue {exexM{X)f,then {M,UUu))y^y ■= E.G[a,\/-(.)] 

- Let G ( 0,,^ M(G,))'', then {M^ifyiv)),^^^ -.= r^'^'^Vft^x). 

One can check that this construction is well defined, and that it gives a 
Mackey functor for G over R for the Dress definition. 

□ 

In the rest of the paper, if no confusion is possible, we denote by Mack^^G) 
the category of Mackey functors for G over R for one of these three definitions. 

I. 3 Blocks of Mackey algebras 

Let G be a finite group and {K, O, k) be a p-modular system for G which is "big 
enough" for all the Ng{H)/H for H ^ G. In [L8\ Thevenaz and Webb proved that 
there is a bijection between the blocks of the group algebra OG and the blocks of 
Macko{G, 1), where Macko{G, 1) is the full subcategory of Macko{G) consisting 
of Mackey functors which are projective relatively to the p-subgroups of G. 

The category Macko{G,l) is equivalent to the category of /i0(G)-modules 
where [j}q{G) is the subalgebra of fio{G) generated by the Tq, Iq, cq^x where 
Q^H^G,xeG and Q is a p-group. This subalgebra is called the p-local 
Mackey algebra of G over O. The same definitions hold for K or k. 

Theorem 1.10. The set of central primitive idempotents of the p-local Mackey 
algebra fJ^oiG) is in bijection with the set of the blocks of OG, the bijection is 
moreover explicit. Ifb is a block of OG then Bouc (Theorem 4-5.2 of 13]) gave an 
explicit formula for the corresponding central idempotent of fJ^^iG) denoted by . 

Using the equivalence of categories Macko{G, 1) = fiQ{G)-Mod, we have a 
decomposition of Macko{G, 1) into a product of categories, which were called the 
blocks of MackolG, 1) by Thevenaz and Webb in [18] Section 17. The formula in 

II. IUI is rather technical but the action of a block idempotent 6^ on the evaluation 
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at {1} of a Mackey functor M is given as follows: let m G M(l), writing the 
idempotent h = ^^^q b{x)x where b{x) G O, we have 

b'^.m = ''^b{x)cx,i{m). (1) 

xeG 

Proposition 1.11. Let R = k or O. The isomorphism classes of projective in- 
decomposable modules in a block b^ of Mackji{G, 1) are in bisection with the set 
of isomorphism classes of indecomposable p-permutation modules contained in the 
block RGb. 

Proof. By Corollary 12.8 of [12], we know that the projective indecomposable 
Mackey functors of Mackk{G, 1) are in bijection with the indecomposable p-permut- 
ation /cG-modules: if P is an indecomposable projective Mackey functor, then P(l) 
is a indecomposable p-permutation module. Let Q be an other indecomposable 
projective Mackey functor. Then P = Q if and only if P(l) = <5(1). The same 
holds for the projective Mackey functors of Macko{G, 1). A projective indecom- 
posable Mackey functor P is in the block b^ if and only if b'^P ^ 0, but b^P is 
projective so: 

b^'.P ^ ^ {b^-P){l) + 
^6.(P(1))^0 

^ P(l) is in the block b of RG by (1). 

□ 

We will use the following notation: Mackn^b) (resp. yu|j(&)) for the category 
of Mackey functors which belong to the blocks b'^ (resp. the algebra b^ii\i{G)) for 
R = oik. 

1.4 Brauer construction for Mackey functors and decom- 
position matrices. 

Let i? be a commutative ring. Let Q be a p-subgroup of G. The Brauer construc- 
tion for Mackey functors is a functor Mackji^G) Mackji{N g{Q)) denoted by 
M ^M'^. If M G MackniG), then for N/Q a subgroup of Ng{Q), 

M'^{N/Q) = M{N)/ iRiM{R)). 

Q^R<N 

This functor generalizes the Brauer construction for modules since the evaluation 
at the subgroup {1} of Ng{Q) is 

M«(g/g) = M(Q) := MiQ)/ 4iM{R)). 

R<Q 
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Moreover, when R = k is a field and V is a. /cG-module, then FPyiQ) = V[Q], 
where V[Q] is the Brauer construction for modules. 

Let us recall four classical functors between categories of Mackey functors (see 
[T9] for Green's point of view). Let if be a subgroup of G, there is an induction 
functor: Indffj : Mackji{H) — )■ Mackji{G). Let M be a Mackey functor for H over 
R in the sense of Dress. Let X be a G-set, then 

{Ind%M){X) = M{Res%X). 

The restriction functor: Res'fj : Marckfi{G) — ?■ Mackfi{G). Let M be a Mackey 
functor for G over R, and let X be a H-set, then 

{Res%M){X) = M{Ind%X). 

Let X be a normal subgroup of G, there is an inflation functor: 
^^fc/N '■ MackR{G/N) MackR{G), which is defined by: 

(/n/^/^M)(X) = M(X^), 
for M e MackR{G/N) and for a finite G-set X. 

Let D a finite G-set. The Dress construction (see [S] or [T] ) at D is an endo-functor 
of the Mackey functors category: Let M G MackR{G) a Mackey functor for G in 
the sense of Dress. Let X be a finite G-set, the Dress construction of M, denoted 
by Md is: 

Md{X) = M(X X D). 

Lemma 1.12. 1. The functor M i— M*^ is left adjoint to the functor 
Ind%^^Q^Inf^°J^] : MackRiNGiQ)) ^ MackniG). 

2. The functor M i— M*^ sends projective functors to projective functors. 

3. Let H he a subgroup of G, then {Ind^l^M))^ = if Q is not conjugate to a 
subgroup of H . 

Let {K, O, k) be a p-modular system, and R = O or k, 

4. Let M E MackR^G, 1), then G MackRCNciQ), !)■ 

5. Let P be a projective Mackey functor of Mackk{G,l) and L be a projec- 
tive functor of Macko^G, 1) which lifts P. Then L*^ is a projective Mackey 
functor of Macko{G, 1) which lifts P^ . 

6. Let P be an indecomposable projective Mackey functor of Mackk{G, 1), then 
PQ{Q/Q)^P{1)[Q]. 



10 



7. Let P be an indecomposable projective Mackey functor of Mackfi{G, 1), then 
the vertices of P are the maximal p-subgroups Q of G such that P^ 7^ 0. 

Sketch of proof . 1. Theorem 5.1 of [19j with a different notation. 

2. Since M is left adjoint to an exact functor, it sends projective objects 
to projective objects. 

3. By successive adjunction: for L G MackR^NciQ)) and M G MackR^H), 
HomMackn(N^^Q)){{Ind%M)'^, L) = HomMack,iH){M, Res%Ind%^^Q^Inf^f^L). 
The result now follows from the Mackey formula. 

4. The proof can be deduced from Section 8 and 9 of [18]: More precisely, with 
notation of [18]. Let f^ be the primitive idempotent of the Burnside ring 
indexed by the trivial subgroup. Then {fi)^ = f^'^^^ . It can be viewed 
by looking at f^ as linear combination of primitive idempotents of QB{G) 
denoted by Cp for a p-subgroup P of G. Then, 

Pe[sp{G)] 

where [sp(G)] denote a set of representative of the p-subgroups of G. 
Then Res'^^f^Q^Cp = X]p, ^p^^^\ where Pi run through the set of subgroups 
P' of Ng{Q) up to A^G((5)-conjugacy, such that P' is G-conjugate to P. 
Moreover, if P' is a subgroup of Ng{Q), then 

^ - \ e^-JJ^) if g ^ P'. 

So (/p)^ = /f Now, if M is a Mackey functor for G, and z E B{G), 
then 

(z.M)'^ = z^.M^. 

Let M be an indecomposable Mackey functor in MackptiG, 1), we have: 
M« = {f^.Mf = {f^f.M^ = ff^^'^\M'^. 

5. Using successive adjunctions, 

= ^o"^Afacfco(iVG(Q))(^'^. Homu{k, M)) 

^ HomMackoiG){L, Ind%^(^Q)Inf^'^J-^^Homk{k, M)). 
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However, Ind%^^Q^Inf^f^]Hom,ik, M) = Hom.ik, Ind%^^Q^Inf^f^^]iM)), 



so 



6. Lemme 5.10 of [2]. 

7. This is the first assertion of Theorem 3.2 of [6]. 

□ 

Proposition 1.13 (Decomposition matrix of fiQ{G)). Let G be a finite group, and 
{K, O, k) he a p-modular system which is big enough for the groups Ng{Q) where 
Q runs through the p- subgroups of G. 

The decomposition matrix of ^\){G) has rows indexed by the isomorphism classes 
of indecomposable p-permutation modules of kG, the columns are indexed by the 
ordinary irreducible characters of all the Ng{Q) where Q runs the p-subgroup of 
G up to conjugacy. 

Let X be an ordinary character of the group Ng{Q) and W be an indecomposable 
p-permutation of OG, then the decomposition number d^^w is equal to 

d^^w = dimKHorriKGiK ®o W[Q], x)- 

where W[Q] is the (unique) p-permutation OG-module which lifts W[Q]. 

Proof. Since {K, O, k) is a sphtting system for ij}q{G)^ and since /^^(G) is a semi- 
simple algebra, the cartan matrix is symmetric. Let SL,Xi be a simple 
module and Pnyj be a projective ij\{G) Mackey functor where L and H are 
p-subgroups of G. Then Vj is a simple kN G{H)-mod\i\e and Xi is a simple 
i^'A^G(L)-module. Moreover, since i^' is a field of characteristic zero, we have 
SL,x. = Ind%^^,^Inf^f^^FP^^. 

We will denote by Qny the projective indecomposable /i0(G)-module which 
lifts PH,Vj, and by M an /i0(G)-lattice such that K (^o M = SL,Xi- then 

= rankoHom^i^(^G)iQH,v,, M) 

= dimKHom^yG)i.K ®o Qh,v,,Sl,xJ 

= dimKHom^i^(G)iK ®o QH.yJnd%^^^^)Inf^°^^^FP^;) 

= dimKHom^i^^G)iK ®o {QHy)^iL/L),Xi). 
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The last equality comes from two successive adjunctions: (efi,FP_) and 

Moreover, {K ®oQHy^f{L/ L) = K®o{{QH,v,f{L/L)). By Lemma[Ll2l the 
CiVG'(^)-module {Qh,v )^{LI L) is the unique, up to isomorphism, j9-permutation 
module which lift {PHy^f{L/L) ^ PHy{l)[L]. □ 

Remark 1. By Section 4.4 of |5], the sub-matrix indexed by the ordinary characters 
of G, and the (isomorphism classes of) indecomposable p-permutation A;G-module 
is the decomposition matrix of the cohomological Mackey algebra cofio{G)- 

2 Equivalences between blocks of cohomological 
Mackey algebras 

In the first part of this section, R denotes an arbitrary commutative unital ring. 

For basic results about cohomological Mackey functors see Section 16 of [T8] . 
A Mackey functor M for G is cohomological if whenever K ^ H ^ G, one has 
t^r^ = [H : K]. Let us denote by ComackR^G) the full subcategory consisting of 
cohomological Mackey functors. The category ComackR^G) is equivalent to the 
category of modules over the cohomological Mackey algebra, denoted by co^r^G). 
It is easy to check that the fixed point functors are cohomological. 

li R = O or k, the cohomological Mackey functors form a full subcategory 
of the category Mackji{G,l) and co^r{G) is a quotient of yuJj(G). The block 
decomposition of Theorem 11.101 is compatible with the cohomological structure. 
We will denote by Comackji{b) the category of cohomological Mackey functors 
which belong to the block b^^, and co^Fi{h) the corresponding direct summand of 
the cohomological algebra. 



2.1 Yoshida equivalence 

One of the main results about the cohomological Mackey algebra is the Yoshida 
equivalence (see [20]), which linearizes the definition of Mackey functors. Recall 
that the center of a category C is given by the natural transformation of the identity 
functor. 

Let us denote by permR{G) the full subcategory of i^G-Mod consisting of the 
permutation modules, and by Fuur^G) the category of contravariant functors 
from permR{G) to i?-Mod. 

Lemma 2.1. The idempotent completion of perniRiG) is equivalent to the category 
of permutation projective RG-modules. 
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Proof. Let us denote temporarily by A the category of permutation projective 
modules, and let perm\{G) be the idempotent completion oipermRiG). The 
objects of this category are the pairs (V, tt) where y is a permutation module 
and TT e HompermR{G)iy-iy) idempotent. There is a natural functor F from 
perm~^{G) to A defined by F{V,7r) — n{V). This functor is dense and fully 
faithful. □ 

We denote by perrn^{G) the category of permutation projective i?G-modules 
and by Fun^{G) the category consisting of contravariant functors from perm'^{G) 
to i?-Mod. By general properties of the idempotent completion, the categories 
Fun^{G) and FunR{G) are equivalent. 

Recall that the Yoshida equivalence is given by two functors: Y and F. The 
first one is the Yoneda functor Y : Gomackk{G) — >■ Funii{G). The second one is 
the linearization functor. More precisely: 

if M is a Mackey functor, then Y{M){RX) := HomMackniG){FPRx, M). 
Conversely if F e FunR{G), then r(F)(X) := F{RX). If / : X ^ F is a mor- 
phism of G-sets, we have two morphisms between RX and RY. Let us denote by 
7r*(/) : RY — )■ RX the morphism defined by 'n'iJ^yeY \y) ~ '^xex '^f{x)X, and by 
7r*(/) : RX RY the morphism defined by T^*{f){Y.x&x^^^) = Y^xex ^^fi^)^ 
with X E X , y G Y and A^; E k,\/x E X. One can check that {T{F), Fott*, Fott*) 
is a cohomological Mackey functor for G. 

Then using the idempotent completion of permR{G), we have the following equiv- 
alence: 

GomackR{G) ^ Fun+{G). 

We still denote by Y and F the functors which give the equivalence after idempotent 
completion. 

Lemma 2.2. Let V be a permutation projective RG -module, and let U be an 
RG-module, then Y{FPu){V) = HomcomackR{G){FPv, FPu). 

Proof. Since V is a permutation projective module, there is a G-set X and a map 
TT : RX — )> RX such that n'^ — n and, 7r{RX) — V. By definition of the idempotent 
completion: 

Y{FPu){V) = Y{7r){Y{FPu){RX)) = Y{7r){HomcomackRiG)iFPRx, FPu)). 

The elements in Y{n)(^Homcomackii{G)iFPRx, FPu)) are the morphisms: 

FPrx — >■ FPu of the form a o FP^^ where FP^^ is the endomorphism of the Mackey 

functor FPrx induced by tt. 

However, FPrx = FPt,(^rx) © FP(^id-n)(RX), so the morphisms of the form a o n 
are exactly the morphisms from FP^(rx) to FPu. □ 

The Yoshida equivalence is compatible with the action of central idempotents: 
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Theorem 2.3 (Yoshida Equivalence, block version). There is a commutative di- 
agram: 

Z{Funl{G)) (2) 



Z{RG) 

Z{ComackR{G)). 

Let 1 = e + / G Z{RG) be a decomposition of 1 in sum of two orthogonal idempo- 
tents. Then 

ComackniG) ^ C{e){Gomackii{G)) ® C{f){GomackR{G)) . 

and 

Fun+{G) = 7^{e){Fun+,{G))®v{f){Fun+{G)). 
The corresponding sub- categories are equivalent. 

Sketch of proof. We see Z{RG) as the center of the category i^G-Mod. 

1. Let a be an endomorphism of the identity functor of RG-Mod. The first map 
T] is defined as follow: let F G Fun~^{G) and be a permutation projective 
i?G-module. Then 

Ma){V) : F{V) ^ F{V) 

X H-)- F{av){x). 

One can check that this gives a natural transformation of the identity functor 
of Fun~^{G). The map r/ is a unital ring homomorphism. 
Conversely, if z/ is a natural transformation of the identity functor of Fun~l^{G), 
let Yrg be the Yoneda functor at the free i?G-module of rank 1. It is 
clear that z/y^Q(/(iijG)(l) is an element of the center of RG. The map 
z/ I— )■ h'(YRG){IdRG)i^) is a ring homomorphism from Z{Fun~^{G)) — )■ Z{RG). 
One can check that the above two maps are inverse isomorphisms. 

2. It is well known that Z{RG) = ZiComackjiiG)) see [1], however this isomor- 
phism is only explicit when Gomackii{G) is viewed as the category co^r{G)- 
Mod, it is not so easy to have an explicit formula when we use the Dress def- 
inition of cohomological Mackey functors. However, by the following lemma, 
we have a natural map from Z{GomackR{G)) — )■ Z{RG-Mod) denoted by 
evi. 
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Lemma 2.4 ([E]). Let G be a finite group, then the full subcategory of 
Comackii{G) consisting of the fixed point functors is equivalent to RG-Mod. 



Conversely, if a is an endomorphism of the identity functor of -RG-Mod, by 
Lemma [2.41 . we have an endomorphism C('^) = PPa of the identity functor 
of the full subcategory of ComackulG) consisting of the fixed point functors. 
The cohomological projective Mackey functors are in this subcategory (see 
Theorem 16.5 in [E]). So if M is a cohomological Mackey functor, choose a 
projective resolution P, of M. Denote by Cm{c() the map M — )■ M induced by 
Cp. (a), on the cohomology of P.. It is straightforward that this map doesn't 
depend of the choice of the resolution. Moreover ({a) is an endomorphism 
of the identity functor of Comackii{G), and C is a ring homomorphism. 
Let a be an endomorphism of the identity functor of RG-Mod. If V is an RG- 
module, then evi(FPy{civ) = V- Conversely, if is an endomorphism of the 
identity functor of Comackji{G), let M be a cohomological Mackey functor, 
let P, be a projective resolution of M, we have the following commutative 
diagram 

^ Pi ^ Po ^ M ^ 



4>M 



CM{evi{<f>M)) 



Pi ^ Po ^ M ^ 



So the two morphisms 0m and CM(efi(</>M)) are equals. 



3. The equivalence between Z[Furi^{G)) and Z(Comackji(G)) comes from the 
fact that the two corresponding categories are equivalent. 

4. The triangle (2) is commutative: let a be an endomorphism of the identity 
functor of RG-Mod, let V be an PG-module, 

then the map o F o ri{a)v : V V is the map: 

HoniRGiRG, V) ^ HomnGiRG, V) 



□ 

Let P be (9 or k, where O is a complete discrete valuation ring and k is the 
residue field. Let 1 = 6i + 62 + ■ ■ ■ + &s be a decomposition of 1 in orthogonal sum of 
central primitive idempotent of RG. This decomposition induces a decomposition 
of ComackR{G) = ®UiC{h) ComackR{G) and Fun^{G) = ^'^^r]{bi)Fun^{G). 
We have the following straightforward lemma: 
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Lemma 2.5. Let b is a block idempotent of RG. The category ri{b){Fun^{b)) is 
equivalent to the category denoted by Fun~^{b), consisting of contravariant functors 
from perm\{b) to -R-Mod, where perm^{b) is the category consisting of the p- 
permutation RG-modules which are in the block RGb. 

Corollary 2.6. Let b be a block of RG, the Yoshida equivalence restricts to an 
equivalence GomackRib) = Furi^ib). 



2.2 Morita equivalences 

Let R = O oi k as, above. With the version of Yoshida' s equivalence of Corollary 
12.61 it is not difficult to lift an equivalence between blocks of group algebras to an 
equivalence of the corresponding blocks of the cohomological Mackey algebras. 

Lemma 2.7. Let G and H be two finite groups, b be a block of RG, c be a block 
of RH . Let X be an RH -RG-bimodule such that 

• X — is a functor from perm^{c) to perrn^{b). 

Then X induces a functor, denoted by Lx '■ Gomackji{b) — ?■ Gomackii{c). More- 
over this functor sends an arbitrary fixed point functor to a fixed point functor. 

Proof. We use the equivalence GomackRib) = Fun^ip) of Corollary 12.61 The 
functor Lx : Fun^{b) Fu7i^{c) is defined by Lx{F){V) := F{X ®rh V). 
Clearly this construction gives a functor from Fun^{b) — )• Fun^{c). We will 
denote by Lx the composite functor, 

Fun'^{b) — — — Fun'j^(c) 



Y 



r 



GomackR{b) >■ GomackR{c) 

so if V" is a i^G- module, and Z is a if -set, then 

Lx{FPv){Z) = V{Lx{Y{FPymZ) 
= Y{FPv){X ®RH RZ) 

= Homcamackn{G){FPx<)in„RZ, FPy) by Lemma O 

^HoniRGiX ®RH RZ, V) 

^ HoruRHiRZ, HomRciX, V)) 

— F PHomnc{Xy){RZ) ■ 

This isomorphism is functorial in Z, so (p^FPy) = FPHomRGixy)- D 
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Proposition 2.8. Let G and H be two finite groups, let b be a block of RG and c 
be a block of RH . We suppose that: 

1. There is an RH -RG-bimodule X such that: 

X ®RG — '■ RGb-yiod RHc-Mod is an equivalence. 

2. X ~ induces a functor: perm~^{b) — )■ perm^{c). 
Then Comackii{b) = ComackR{c). 

Proof. By Lemma [2.71 we have a functor Lx '■ Fun~^{c) — ?■ Fun^{b). By general 
results about Morita equivalences, a quasi-inverse equivalence of X (^rg — is given 
by X* (>^RH — where X* = HomR{X, R). This functor satisfies the Condition of 
Lemma 12.71 since X ^rg — is a dense functor, if \^ is a i?if-module, then V is 
isomorphic to X^kRcW for some i^G-module W. Moreover if V is a p-permutation 
i?i7-module, the module W has to be a p-permutation _RG-module, so 

X* ®RH W = X* (^X ®v = v. 

This gives a functor Lx* '■ Fun^{h) — )■ Fun^{c), which is obviously a quasi- inverse 
equivalence to Lx- □ 

Remark 2. The second hypothesis of this proposition is a technical property, one 
may ask if there exist Morita equivalences with this property. Let G be a finite 
group, and P be a Sylow p-subgroup of G and H = Ng{P) be the normalizer of the 
Sylow. Let b a block of kG and c the Brauer correspondent of this block in Ng{P)- 
If kGb-Mod is splendidly Morita equivalent to kHc-Mod, then the two conditions 
are satisfied. For example if G is a p-nilpotent group and P is the Sylow p-subgroup 
of G, let bo be the principal block of kG. Then Comackk{bo) = Comackk{P). 

The equivalence Lx between blocks of cohomological Mackey algebras gener- 
alizes the equivalence X ®rg — since the restriction of Lx to the subcategories of 
fixed point functors is the functor X* ®rh —■ 

2.3 Derived equivalences 

Let R = O or k. A Morita equivalence between group algebras, with an extra prop- 
erty, can be lifted to a Morita equivalence between blocks of cohomological Mackey 
algebras. The next theorem will show that a derived equivalence between group 
algebras, with some additional properties, can be lifted to a derived equivalence 
for the cohomological Mackey algebras. 

Lemma 2.9. Let G and H be finite groups, b be a block of RG and c be a block 
of RH. Suppose that there is a complex X, of RG-RH-bimodules such that: 
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V : For each term Xj of X , the functor Xj ®rh — sends p -permutation RHc- 
modules to p-permutation RGh-modules. 

Then there is an additive functor between the categories of complexes: 

Lx, • Ch-{coiiR{b)-Mod) C/i-(co//r(c) -Mod), 

which induces a triangulated functor at the level of derived categories: 

Lx. ■■ D-{cofiR{b) -Mod) D' {coiir{c) -Mod). 

Proof. We will work with the categories Fun~^{—). Let X, the bounded (upper 
and lower bounded) two sided complex as in the hypothesis: 

^ ^ Xg — ^ X^.i ^^-^ ^ Xn ^ ^ • • • 

and F, a right bounded complex of functors e Fun~^{b): 

.F,^F,_i^ -F^^O. 

By pre-composition of F, by X,, we have a double complex: 

i-iyFi{dj+i) 

-F,(X,)- 

{-lyFiidj)' 
-F,(X,_0 

Where we denote by Fi{Xj) the functor Fi{Xj ®rg — ), by Fi[dj) the morphism 
Fi{dj ^RG IdJ) and by rii{Xj) the natural transformation r]i{Xk ^rg —)■ Then we 
take the total complex of this double complex, which we denote by Lx{F): 

Lx{F), := F,(X,). 

i-j=k 

If Wi^j e Fj(Xj), with i-\- j — k 

Skiwij) = {-iyF,{d,+i){w^,,) + 7]i{Xj){wij) G Fi(Xj+i) ©Fi_i(X,-). 
We will prove the following: 



^F,_,{Xj) 



--F,_i(X_i)^ 
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1. Lx{F) is a complex. 

2. Lx : Ch~{Funl{h)) Ch~{Fun'^{c)) is an additive functor. 

3. Lx ■ D~{Funl{h)) — )■ D~{Funl{c)) is a well defined triangulated functor. 

1. We have to check that 5k '■= Lx{F)k Lx{F)k-i is actually a differential. 
This is formal: let w e Lx{F), {Sk-i o the component in Fj_i(Xj_|_i). 
A computation give: 

= 0, since rji is a natural transformation. 

So Lx{F) is a complex. 

2. Let and (G,,7,) two complexes of Ch^{Funl{b)), and $ a morphism 
form F, to G,. For each i, j, 4>i{Xj) is a morphism Fi(Xj) — )■ Gj(Xj). So it is clear 
that we have a morphism : Lx{F)k — )■ Lx{G)k for all k E Z. We just need to 
check that these morphisms commute with the differentials. We will prove that all 
the following diagrams commute: 

i-j=k 

G',(X,)^G',_i(X,) 

i-j=k 

where the horizontal arrow arc just the restrictions of the differential maps to 
Fi_i{Xj) and Gi-i{Xj) respectively. For w = (wij), one can compute that 

o a(w) = ^i^ij{rii(Xj)(wij)) + (-l)^-^$,_ijFi_i(d,)(«;i_i,,_i), 

and 

Equality holds because $ is a morphism of complexes, and for each is 
a natural transformation of functors. It is then obvious that Lx is an additive 
functor from Ch~ {Fun^{b)) — )■ Ch~ {Furij^^c)). 

3. Let {F,,r],) and (G,,7,) two quasi- isomorphic complexes of Ch~{Fun^{h)). 
We need to check that Lx{F) and Lx{G) are quasi-isomorphic functors. Let 
$ : F ^ G a quasi-isomorphism. We prove that the homology groups of Lx{F) 
are subgroups of the homology groups of F, so it is clear that a quasi-isomorphism 
from F to G induce a quasi-isomorphism from Lx{F) — ?> Lx{G). If k E 1j, 

Ker{dk)i-i,j = Ker{r}i^i{Xj)) n Ker{Fi_i{dj+i)) C Ker{r]i^i{Xj)). 
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and 

Im{5k-l)^-l,J 3 Im{rii{Xi)) U Im{Fi.i{dj)) D Im{ri,{Xj)). 
so H'{Lx{F)),_,, C H^-\F{X,)), and H^{Lx) C e,_^.^, □ 

Lemma 2.10. Let G and H be two finite groups, let b be a block of RG and c be a 
block of RH. Let X and Y be two complexes of RGb-RHc-bimodule with Property 
V, then 

* Lx®Y — Lx ® Ly- 

• If the complex X is a contractible complex, then Lx is contractible in the fol- 
lowing sense: the complex Lx{F) is contractible for every complex of functors 
ofFun+{h). 

Proof. The first part is clear. For the second part, let (X,, d,) be a contractible 
complex. Let (s,) a chain homotopy i-e a family of maps Sj : Xj Xj_i such that 
idxi = Si-idi + (ij+iSj. Let (F,,?],) be a complex of Fun^{b). We will show that 
Lx (F) is a contractible complex. Let 

Sij := {-lyFiisj ® Id.) : Fi{Xj+i ^ -) ^ Fi{Xj ^ -). 

Then we have: 

e^-,=k Hx,) e,_,=, ^ • • • 




Let denote by Sk ■= 0i_j=fc •S'tj-i- We have to check that this is effectively an 
homotopy. We will show that the component of S^-iSk + S^+iSk which lands in 
Fi{Xj) is the identity of Fi{Xj). This can be seen in the following diagram: 

F,+i(X,) ® F,(X,_i) ^ F,{Xj) 

where the maps are: 

a := r]i+i{Xj+i) + 

6:=(-ir+iF,+i(s,) + (-irF,(.,_i). 
c:=r],+iiX,) + {iyF,{d,). 
d:= {-lyF.is,). 
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Then, 

da + cb^ Fi{dj+iSj + sj^idj) + {-iyFi{sj)r]i+i{Xj+i) + (-1)^+^77^+1 (X,)Fi+i(s,) 

since r/j+i is a natural transformation from Fj+i to F,. □ 

Lemma 2.11. Let G, H and K three finite groups and let b, c and d blocks 
of respectively RG, RH and RK. Let {X,,d^) be a bounded complex of RGb- 
RKd-bimodules. Let (Y,, d^) be a bounded complex of RHc-RGb-bimodules and 
let {F,,r],) be a right bounded complex of Fun'^{c). If the two complexes X andY 
have Property V, then, 

[Lx O Ly) = Lygi^^x- 

Proof. We choose the following convention for tensor product of complexes : 

i+j=k 

The differential is: 

Dk := i-iyi (g) df + dj^l. 

i-j=k 

we prove that LxoLy{F) is equal to the total complex of the following bi-complex: 

^ F^{{Y ® X)„,_,) -'-«^^^)-'') . F„,.,{{Y ® XU.,) ^ • • • 



(— l)™Fm(-Dm-fe + l) 



(-ir-^F^-liDrr^-k+l) 



^ F^iY ® -'-((^^^)-'') . ^ X)^_,+0 

To see this, we just need to change the order of summation, and remember that 

our functors are additive functors and the direct sums over the index n are finite, 
since our complexes X and Y are right and left bounded. Then we have to check 
that the differentials are exactly the maps of the previous diagram. 



{Lx o Ly{F))k = 00 Frr,{Y„ (g)^G ^n-ik) 
= ^™(0(^m-n ®RG ^n-fe)) 
= 0F^((F ®RG X)ra-k). 

Let m,n & Z^, the differential on -Fm(^m-n ® ^n-k) is: 

F^{{-irdl_^^, ® 1 + (-l)n ® d^_,^,) + Vm{Ym-n ^n-fe), 
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so the differential on 0„g^Fm(Fm_„ ® Xn-k) is 

0(F„((-l)™rf^_„+, ® 1 + (-l)n ® rf^.+J + VmiYm-n ® = 

since: 

= ® 1 + 0(-l)™-"+^l ® rfl, 

It is not difficult, but rather technical to check that this is functorial in F. □ 

We will apply Lemmas 12. 9[ 12.101 and 12.111 to the following situation. Let RGb 
and RHc be two blocks of group algebras which are derived equivalent. By stan- 
dard results about derived equivalences for block algebras, we can suppose that 
the equivalence D^{RGb-Mod) = D^{RHc-Mod) is given by tensor product with 
a split endomorphism two sided complex X,, a quasi- inverse equivalence is given 
by tensor product with the i?-linear dual X*. 

Theorem 2.12. Let G and H be finite groups, b be a block of RG and c be a block 
of RH. Suppose that: 

1. There is a two sided tilting complex X, of RH-RG-bimodules, such that 
X ®RH X* = RGb and X* ®rg X = RHc in the homotopy categories of 
corresponding bimodules. 

2. If V is a p-permutation RGb-module, then Xj ®RGb V is a p-permutation 
RHc-module for all i & Tj. 

3. If W is a p-permutation RHc-module, then X* ^rhc W is a p-permutation 
RGb-module for all i & Z 

Then the functor Lx induces an equivalence of triangulated categories 

Lx '■ {Comackji{c)) = {Comackii{b)). 

Proof. We will prove that D'{Fun^{b)) = D-{Fun^{c)). 
Thanks to Lemma 12.91 we have two triangulated functors: 

Lx : D-{Fun+{c)) D~{Fun^{b)) 
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and 

Lx' ■■ D-{Fun^{b)) D-{Fun^{c)). 
Thanks to Lemma I2.11[ we have Lx* o Lx = Lx®x* ■ 

By hypothesis the equivalence X ® X* = RGb is in the homotopy category, then 
X X* = RGb © C where C is a contractible complex. Thanks to Lemma I2.im 

Lx* o Lx = Lx^x* = LpiGh^c — LfiGb © Lc 

It is clear that L^Gb = -^c?D-{F«n+(fe) and Lq = 0. Conversely LxLx* = -^c?i:)-(Fnn+(c))- 

As an immediate corollary, we have: 

Corollary 2.13. Let b be a block of RG and c be a block of RH such that RGb 
and RHc are splendidly derived equivalent, then 

D\cofiR{b)-Mod) ^ D\coijr{c) -Mod). 
2.4 Application to nilpotent blocks 

Although the determinant of the Cartan Matrix of a block b of kG is a power of p, 
for the corresponding blocks of the Mackey algebra, it is much more complicated, 
see [5]. By the results of fT8] this determinant is non zero. However the determinant 
of the blocks of cohomological Mackey algebra can be zero. Bouc in [5] proved that 
this determinant is non zero if and only if the block 6 is a nilpotent block with 
cyclic defect group. This proof is based on a combinatorial approached, and it 
may be surprising that nilpotent blocks appear in that situation. We will apply 
Theorem I2.12[ and show that it is in fact very natural. 

Let i? be a block of kG, for an arbitrary finite group G. If i? is a nilpotent 
block with defect group P, then by (see [H] or [12]), there is an isomorphism of 
fc- algebras, 

B = Mat{m, kP), 

for some m G N. This result is not true for the corresponding blocks of the 
Mackey algebra (see remarkH]). We will discuss the existence of Morita equivalence 
between fiKb) and iXk{P) in the next section. For the cohomological Mackey 
algebra, we can lift an equivalence between blocks of group algebras, but for this we 
need that the equivalence sends p-permutation modules to p-permutation modules. 
Unfortunately it is not always the case: 

Example 3. Let G = SL2{¥s) = Qg x C3, and A; be a field of characteristic 3. The 
group G is 3-nilpotent, so the blocks of this group algebra are nilpotent. Let b the 
block idempotent such that the block kGb = B contains the simple fcC-module 
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W, where W is the simple /cQs-module of dimension 2 which is extended to kG 
by Chfford theory. Then A;G6-mod = kCs-mod and a functor $ : kC^-mod — )■ 
kGb-mod can be given by: 

X ^ Iso{<P)InfS/Q^{X) ®,W, 

where the action of G is the diagonal action, and (p : G/Qs = C3. In particular the 
trivial p-permutation module is sent to W which is not a p-permutation module. 
So we cannot apply Proposition 12. 8[ Moreover one can check that the Cartan 
/ 2 2 \ 

matrix of co^{b) is ( 2 3 j ' Cartan matrix of cojjik{,C^) is 

By the results of sections 7.3 and 7.4 of [15J and results of [4j and [13j, if p > 2, 
or P is abelian (N.B. in fact one can ask weaker condition in case of p = 2), we 
can replace the bimodule which gives the Morita equivalence between B and kP 
by a splendid tilting complex of i?-A;P-bimodule. 

Corollary 2.14. Let B = kGb a nilpotent block of defect p-group P. If p = 2 
assume that P is abelian. Then 

D^{cofikib)-Mod) = D^{cofikiP)-Mod) as triangulated categories. 

Since the determinant of Cartan matrices is invariant under derived equiva- 
lences, the determinant of the cohomological Mackey algebra is non zero if and 
only if the determinant of the cohomological Mackey algebra of the defect p-group 
is non zero. However it is well know that this is the case if and only if the p-group 
is cyclic: indeed the projective indecomposable cohomological Mackey functors for 
a p-group P are FP^^^p^j^^ for Q ^ P. By adjunction, the coefficient of the Cartan 
matrix indexed by two projective PPj^^p,^)^-^ and FP/„^p^(fc) is: 

Cq,q' = dimkHomkp{IndQ{k), IndQ,{k)) 
= dimkHomkp{k, ResqlndQik) 
= Card{[Q\P/Q']). 

By the main result of [17] this matrix is non degenerate if and only if P is cyclic. 

3 Example of equivalences between blocks of p- 
local Mackey algebras. 

In this section we will give some examples of equivalences of blocks of p-local 
algebras. We first look at the case of p-nilpotent groups. We will prove that 
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the p-local algebra of the principal block of such a group is Morita equivalent to 
the Mackey algebra of its Sylow p-subgroup. But as in [15] the case of the non- 
principal block seems unexpectedly much more difficult. We will give an example 
which proves that in general there is no Morita equivalence between the p-local 
Mackey algebra of the block and the Mackey algebra of the defect. Then we will 
look at the case of a finite group with Sylow subgroups of order p. In that 
case the p-local Mackey algebra looks like a group algebra. It is a Brauer tree 
algebra, so we can use the background which was developed for Broue's conjecture 
on blocks of algebras of groups with cyclic Sylow p-subgroups. 

Remark 3. Since the p- local Mackey algebra and the cohomological Mackey algebra 
share a lot of properties, for example, they have the same number of simple modules 
in each block and the projective cohomological Mackey functors are the biggest 
cohomological quotients of the p-local projective Mackey functors, one may ask if 
an equivalence between blocks of p-local Mackey algebras induces in some sense, 
an equivalence between the corresponding blocks of the cohomological Mackey 
algebras. The following example shows that the situation is not that simple. 

Example 4. Let k he a field of characteristic 2 and G = C2 he the (cyclic) group 
of order 2. Then a basis of ^ik{C2) is given by: t^^, tfvf^, tf^, rf^, t\ and t\x 
where x G C2 and t\x means t\ci^x- Then there is an automorphism of Hk{C2) 
where is defined over the basis elements by: (j){tQ^) = tl, = tl + tlx, 



(f)(t^^) = r\\ 4){rX') = t\\ (j){t\) = t^l and (f){t\x) = t'^l + t\^r\\ This gives an 



unitary automorphism of /ifc(C2). By general results of Morita theory, the bimod- 
ule fik{C2)(f> induces a Morita self-equivalence of /ifc(C2). 

The projective indecomposable Mackey functors for C2 are Bc^/i and Bc2/C2- As 
a module over the Mackey algebra, -Bca/i as basis: tf^, tl and tlx, and -BC2/C2 
as basis: tg, tfVp So the Morita equivalence induced by exchanges the 
projective Bc^/i and Bc^/Ci- 

Since the Cartan matrix of cojj,k{C2) ^ J 2 ^' ^^^^^ self-Morita equiva- 
lence which exchanges the two projective indecomposable cohomological Mackey 
functors. 

3.1 Principal block of p-nilpotent groups. 

Lemma 3.1. Let M and M' two he projective Mackey functors of Mackk{G, 1), 
and f : M ^ M' he a morphism. The morphism f is an isomorphism if and only 
if fiX) : M{1) — )■ M'(l) is an isomorphism of kG -modules. 

Proof. Lemme 6.2 in [2j (in french). □ 
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Theorem 3.2. Let G = N yi P a p-nilpotent group, where P is a Sylow p- subgroup 
of G. Let bo be the principal block of kG. Then /x^(6o)-Mod is Morita equivalent 
to iikiP)-Mod. 

Remark 4. If 6 is a nilpotent block, for some m G N, we have an isomorphism 
kGb = Mat{m,kP), where P is a defect group of the block b. This is not the 
case for the Mackey algebras. Example ii G — S3 and /c is a field of characteristic 
2. Let b be the principal block of kS^, one can check that dimk{iJ>k{C2)) — 6 and 
dimk{fJ>l{b)) — 56. 

Proof. Recall that the principal block idempotent of kG is bo — X^neiv 
kGbo = kP. So there is a Morita equivalence kGbo-Mod = kP-Mod. This equiva- 
lence is given by the following adjoint pair {Resp^bolndp). 

For the proof, we will work with the categories of Mackey functors with Dress 
definition and Green definition, since the following adjunction is easier to under- 
stand with the Dress definition, but the action of the block idempotent is easier 
to understand with the Green definition. We have two functors: 

Resp : Mackkipo) Mackk{P), 

and 

Ind$ : Mackk{P) Mackk{G). 
Applying the block idempotent &q, we have a functor 

b^Ind'f : Mackk{P) Mackkipo). 

1. The functor i?esp is left and right adjoint to the functor bolndp, since it is the 
case for Indp and Res p. Recall that the unit and co-unit of the above adjunction 
are given by: 

Nm-M ^ boInd$Res$M is defined by Nm = (6oM)*(e_) 
E'm : boInd$Resf{M) ^ M is defined by E'j^ = (6oM)*(e_) 
N'j^, : M' Res$boInd$M' is defined by N'j^, = Ml(ri-) 
Em> ■ Res^boInd^M' M' is defined by Em> = M'*{r]J). 

where e and rj are the unit and co-unit of the usual adjunction {Indp, Rcsq) for 
Res% : G-set — > P-set, and Indp : P-set — > G-set. 

2. Let M be a projective Mackey functor in Mackk{bo), and let M' be a projective 

Mackey functor of Mackk{P). We need to check that and E'j^^ above arc 
inverse isomorphisms. Similarly, we have to check that Em' and N'j^^, are inverse 
isomorphisms. 
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By Lemma [3TT] it is enough to check that this is true after evaluation at the trivial 
subgroup. However, we have a natural isomorphism of fcG-modules {Ind'fM){l) = 
Ind%{M{l)), so 

Nm{1) : M(l) ^ {boInd$Resf{M)){l) = boInd$Res^{M{l)) 
E'm{1) : {boInd$Resf{M)){l) = boIndfRes${M{l)) M(l) 
Nm,{1) : M'(l) ^ {Res$boInd$M'){l) = Res%boInd%M' {I). 
Em'{1) : {Res%boInd%)M'{l) = Res$boInd${M'{l)) M'(l) 

are units and co-units of the adjunction {bolndp, Resp) for modules over the group 
algebras. We have the required isomorphisms. 

3. If M G Mackkibo), let P, be a projective resolution of M in Mackkipo), then 
we have the following commutative diagram, 

^ Pi ^ Po ^ M ^ 

^ boInd$Res${Pi) ^ boInd$Res^{Po) ^ boInd$Res^{M) ^ 



Since the Np. for z ^ are isomorphisms Nm is an isomorphism. By the same 
method, if M' G Mackk{P), Em' is an isomorphism. □ 

Corollary 3.3. There is an isomorphism of algebras, lj\{bo) = P(X^) for the P- 
set X = I soQ^j^Def^^j^Qc , and P(X^) is the evaluation of the Burnside functor 
at X"^ (see exampleWi). 

Proof. By Theorem 13. 2[ we have an equivalence /x^(6o)-Mod = /ifc(P)-Mod, so by 
Morita Theorem, there is an algebra isomorphism fil{bo) = End^^(^p){T), where 
T is the bimodule ReSp{fj,l{bo)). We will denote by Bq the Mackey functor, in 
the sense of Dress, which corresponds to the /i^(6o)-iiiodule fil{bo). Since the 
projective Mackey functors of Mackk{P) are exactly the Dress constructions Bx 
of the Burnside functor where X is a P-set, we have 



Pes^(Po) = B 



X, 



for some P-set X. In particular A;X = Pes^(Po)(l)- But Pes^(Po(l)) = 
A basis of ij\{G) is given by tpxRpx, where A and C are subgroups of G, the ele- 
ments X G [A\G/ C] and P is a p-subgroup of An^C up to A fl ^C-conjugacy . So 
a basis of t\fil{G) is the set of t\xr^ for x G G and H ^ G. Set '-yH,x = t\boxRi . 
We have that 'yH,nx = 1h,x and 'yH,xh = 1h,x for x G G, n G X and h & H. The set 
{'yH,x ] H ^ G, X E G/NH} is a /iA;(P)-basis of t\fil{bo). The action of ?/ G P on 
a element 7h,x is given by y.^H.x = lH,yx- So, 

kX=^ Resf{kG/NH), 
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but for a p-group P, two permutation modules are isomorphic if and only if the 
corresponding P-sets are isomorphic by Hence 



This can be viewed as an analogue of the isomorphism kGb = Mat{n, kP) for 
nilpotent blocks. 

3.2 Groups with Sylow j9-subgroup of order p. 

For general results about equivalences between blocks of p-local Mackey algebras, 
we have the following result, which is a direct corollary of Theorem 20.10 of [18]. 

Theorem 3.4. Let G and H two finite groups, let b be a block of kO with cyclic 
defect group of order p, and c be a block of kH with cyclic defect group of order p. 
Then, 

D^{kGb-Mod) ^ D\kHc-Mod) if and only if D^fj^Kb) -Mod) = D^fiKb') -Mod). 

Proof. By Theorem 20.10 of [18], in this situation, the blocks of Mackey algebras 
are Brauer tree algebras. Let TMack be the tree of this algebra. And TMod be the 
tree of the corresponding block of the group algebra. The tree TmocI is isomorphic 
to a subtree of Tuack, still denoted by TMod- The tree Tnack is determined by the 
knowledge of the tree TMod- If e is the number of edges of TMod, then the number of 
edges of TMack is 2e. The exceptional vertex of TMack is the same as the exceptional 
vertex of the tree of the block, and with same multiplicity. Each edge of Tnack 
which is not in TMod is a twig. By general results of derived equivalences for Brauer 
tree algebras, two Brauer trees algebras, over the same field, are derived equivalent 
if and only if they have the same number of edges. □ 

Even if the tree TMack seems to be determined by the group algebra kC, if 
two blocks of group algebras are Morita equivalent, it is not always true that the 
corresponding blocks for the Mackey algebras are Morita equivalent (see Example 
[5]). The tree TMack is in fact determined by the corresponding block of kG and the 
Brauer correspondent of this block in Ng{P) where P is a Sylow p-subgroup of G. 



X = UH^GRes%{G/NH) 

^ VAH^GRespnd%/j,Def2/j,{G/H) 

^ Res${InfS/j,DefS/j,{nG)) 
^Iso^/^DefS/A^c). 



So ReSplBo) = Bx, where X = Iso^^j^Def^^j^{flG), and 

filibo) ^ EndMack,(P){Bx) = B{X^), 




□ 
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Proposition 3.5. Let G and H he two finite groups with same p-local structure 
and common Sylow p-subgroup C of order p. Let b (resp. c) be a block of kG (resp. 
kH) of defect group C. If kGb-Mod = kHc-Mod by a splendid bimodule M, then 
/xi(e)-Mod^4(c)-Mod. 

Proof. By Theorem 20.10 of [18] and Theorem 13 ■4[ the block algebras /U^(e) and 
fj^Kf) are derived equivalent Brauer tree algebras. Since two such algebras are 
Morita equivalent if and only if they have isomorphic trees and same exceptional 
multiplicity, it is enough too prove that they have the same Cartan matrices. We 
will prove that the decomposition matrices of fia{b) and fia{c) are the same. By 
Proposition II. 13[ the decomposition matrices of fiai^) can be computed from the 
knowledge of the p-block OGb and the Brauer correspondent of b in ONg{C). 

Suppose that there are e simple fcG-modules in the block b of kG, then there 
are e + 1 simple KG-modu\es in this block, one of this simple module may be 
exceptional. The number of simple kN G{C)-modu\es W in a block b' which is the 
Brauer correspondent of b is e. Since Ng{C) is a p'-group, each simple kNciC)- 
module gives rise to a unique simple K N GiCymodvle. Thus the decomposition 
matrix of ^\){b) is the following block matrix with 2e + 1 columns and 2e rows: 



Where D{cofio{b)) is the decomposition matrix of cofio{b)- 

So if two blocks kGb and kHc, with cyclic defect group of order p are splendidly 
Morita equivalent, the blocks OGb and OHc are splendidly Morita equivalent by 
Section 5 of [T5]. By the results of Section 2, the blocks of cohomological algebras 
cofio{b) and cofio{c) are Morita equivalent, so the Cartan matrices of fJ^Hb) and 
/i^(c) are the same. □ 

Remark 5. Let {K, O, k) a p-modular system. Let G be a finite group and 6 be a 
block of OG with cyclic defect group. The Mackey algebra of this block is a Brauer 
tree algebra, so there is a Green walk on this tree. One can lift this Green walk 
for ^\){b) exactly as Green did in [10]. This show that the Mackey algebra over O 
is a Green order in the sense of [16]. Konig and Zimmermann in [IT] proved that 
two Green orders with trees having same number of vertices and same exceptional 
vertex plus some local properties are derived equivalent. However, in this case it 
doesn't seems easy to check these local conditions. 

Example 5. Let G = 5'L2(F3) = Qg x C3, and k he a field of characteristic 3. 
The group G is 3-nilpotent. Let b the block idempotent such that the block kGb 
contains the simple /cG-module W of dimension 2. Then kGb-Mod = kC^-Mod. 




Id, 



0. 



'exe 



exe 
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One can ask if the same happens to the corresponding blocks of the Mackey al- 

/ 2 1 \ 

gebras. But the Cartan matrix of ^kiCs) is ( g j and the Cartan matrix 
/ 3 2 \ 

of yU^(6) is f 2 2 j) so there is no Morita equivalence between these two alge- 
bras. By Theorem 13.41 they are derived equivalent. In fact in this example it is 
not difficult to make everything explicit: the projective indecomposable Mackey 
functors in the block are in bijection with the indecomposable p-permutation 
modules of the corresponding blocks. These indecomposable p-permutation mod- 
ules are: IndQ^{W) and Ind'g^Inf^^e where Ce = Z{Qs) x C3, and e is the non 
trivial simple A;C2-module. So the projective indecomposable Mackey functors are 
P = IndQ^FPiY and Q = Ind^^B^, where is a direct summand of the Dress 
construction of the Burnside functor for Cq: Bc^/c^- 

More precisely, for each Cg-sets, if Y is any finite Ce-set, then Bcf^ic,,{Y) = 
B(Y X Cq/Cs) is a right fcC2-module, since 

Ce/Cs = Endc,-set{Ce/Cs) ^ Endc,-set{Y x Cg/Cs). 

So B^(Y) = B(Y X Ce/Cs) ^kiCe/Ca) With this it is not difficult to compute 
the Cartan matrix of the block. Using the adjunction property of all the 

coefficients of this matrix, except the coefficient dimkHomMackkiG){QyQ)y can be 
computed at the level of modules for group algebras. The last one can be computed 
using the formula of Proposition 5.11 in [2]. 
The derived equivalence can be given by a two terms complex: 

— p2 (^g — 

where tt is the morphism of maximal rank between P and Q. 
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